
The structure of k0
(p)(k(p))

Product

ϕrϕs =

r+s
∑

j=max(r,s)

θr+s−j(q
r)θr+s−j(q

s)

θr+s−j(qr+s−j)
ϕj .

Coproduct

∆ϕn =
∑

r,s>0

r+s6n

θr+s(q
n)

θr(qr)θs(qs)
ϕn−r ⊗ ϕn−s.
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More formulas in k0
(p)(k(p))

Expansion of ϕn as a polynomial in Ψq

ϕn =
n

∑

j=0

(−1)n−jq(
n−j

2 )
[

n

j

]

q

Ψqj

.

Expression for Ψj

For j ∈ Z
×

(p),

Ψj =
∑

n>0

θn(j)

θn(qn)
ϕn.

In particular, for i ∈ Z,

Ψqi

=
∑

n>0

[

i

n

]

q

ϕn.
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Congruences for g0(g)

Theorem

If ϕ ∈ g0(g) acts on g2(p−1)i = Z(p) as

multiplication by µi ∈ Z(p), then

n
∑

i=0

(−1)n−iq̂(
n−i

2 )
[n

i

]

q̂
µi ≡ 0 mod pδp(n),

for all n > 0, where δp(n) = n + νp(n!).

Moreover every sequence satisfying these

congruences arises from a unique stable

operation.
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Examples of the g0(g) congruences

µ1 − µ0 ≡ 0 mod p

µ2 − (1 + q̂)µ1 + q̂µ0 ≡ 0 mod p2

µ3 − (1 + q̂ + q̂2)µ2

+ q̂(1 + q̂ + q̂2)µ1 − q̂3µ0 ≡ 0 mod p3+νp(3!)

For example : p = 3, q = 2, q̂ = 22 = 4

µ1 − µ0 ≡ 0 mod 3

µ2 − 5µ1 + 4µ0 ≡ 0 mod 32

µ3 − 21µ2 + 84µ1 − 64µ0 ≡ 0 mod 34

Sarah Whitehouse Arolla, August 2004 4



Examples of BP 0(BP ) congruences

p = 3

µ1 − µ0 ≡ 0 mod 3

µ2 − 2µ1 + µ0 ≡ 0 mod 32

µ3 − 3µ2 + 3µ1 − µ0 ≡ 0 mod 33

µ4 − µ0 ≡ 0 mod 3

32π̄3
1(µ4 − µ0)

− π̄2(µ3 − 3µ2 + 3µ1 − µ0) ≡ 0 mod 34

π̄n = 1 − 33n
−1

Sarah Whitehouse Arolla, August 2004 5


