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Answer four questions. If you answer more than four questions, only your best four will
be counted.

{B} means bookwork, {S} means seen similar, {U} means unseen
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(a)  If \or+ -+ A\, =0, then Ay =--- =\, =0.

(b)  Every vector v € V can be expressed as \jv; + - - - + A\, v, for some
M,... A, €R.

(¢)  The vectors must both be linearly independent and span.

(6 marks)

(a)  This is not a subspace; the zero vector (0,0,0)” is not in U;.
(b)  This is not a subspace; the zero vector (0,0,0)” is not in Us.
(c)

This is not a subspace; it is not closed under scalar multiplication.
E.g., (0,0,1) € Us, but (—1)(0,0,1) = (0,0, —1) ¢ Us.
(d)  This is a subspace: it contains (0,0,0)" and it is closed under addi-

tion and scalar multiplication: if v = (z,y, 2)7,v' = (2,y/, )T € U,

and o, § € R, then
ar+ 32 +3(ay+ 6y ) +az+ 52 = a(z+3y+2)+ 82 +3y +2') =0,

so av + v’ € Uy.
(7 marks)

{B}
U+W={veV|v=u+wforsomeuecU,weW}.

As U is a subspace we have 0y, € U, and as W is a subspace we have
Oy eW,s0 0y =0y +0y € U+ W.

Next, suppose we have v,v' € U+ W, a,a’ € R.
Then v =u +w, v = v +w' with u,v’ € U and w,w’ € W.

50
av + a'v' = (au + d'u') + (aw + 'w') € U+ W,

since au + o’u’ € U (as U is a subspace) and aw + o’w’ € W (as W is a
subspace).

So U + W is a subspace. (7 marks)

{S} Suppose that (z,y,2)" € UNW. Then (z,y, 2)" = (a,2a,a)” for some
a € R, since (z,y,2)" € U and a = 2a since (x,y,2)" € W. Thus a = 0
and (z,y,2)" =(0,0,0)", so UNW = {0y }.

Now let (x,y,2)" € R3. Then we have
(.I',y,Z)T = (?J—$72(3/—55)73/_55)+(25C_3/7237—y72—y+95) € U+Wa

soU+W =R (5 marks)
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{B} Suppose that {v,...,v,.} is a linearly independent set in the vector

space V', and {wy, ..., ws} spans V. Then r < s. (2 marks)
{U}

(a)  True (by Steinitz).

(b)  False; e.g., V =R? v, = vy = (1,0)7,

(¢c)  True (by Steinitz).

(d)  False; e.g., V =R? v, = vy = (1,0)7, (6 marks)

{B} kex(9) = {v € V[ 6(v) = Ow}.

Suppose that ¢ is injective, so whenever ¢(v) = ¢(v') we have v = v'.
Suppose that v € ker(¢). Then ¢(v) = Oy = ¢(0y). As ¢ is injective and
o(v) = ¢(0y), we must have v = Oy. Thus ker(¢) = {0y}, as claimed.

Conversely, suppose that ker(¢) = {0y }. Suppose that ¢(v) = ¢(v'). Then
d(v—20")=¢w) — (V) =0,s0 v—2" € ker(¢) = {0y}, so v — v =0y, so

v =v'. This means that ¢ is injective. (7 marks)
{B} dim(U) + dim(W) = dim(U N W) + dim(U + W). (1 mark)
{s}

0 b c
(a) U= —b 0 f]|be feR, and dim(U) = 3.
—c —f 0

8l

0 0 O
ThenUﬂW{(O 0 f)feR},anddim(UﬂW)l.

O O O
>0 o
~ O

) |b,c e, f,h,i€ ]R}, and dim(W) = 6.

~

0 —f 0
Sodim(U+W)=3+6—-1=28. (8 marks)
1 00
(b) 00 0)]¢U+W. (1 mark)
000
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3 (i)  {B} The standard basis is: 1,z,2? 2°.

Since this consists of 4 polynomials, the dimension of V' is 4. (8 marks)

(ii)  {S} Let f(z) =a+ bz + cx® +dz® € V. Then
f(x)=(a+bd+ct+d).1+b+ct+d)(z—1)+(c+d)(2? —2)+d(z® —z?),
so the given vectors span V.
Also
A+ do(r— 1) + M3(2® —2) + M(2® — %) =0
= )\1 — )\2 + ()\2 — )\3)$ + ()\3 — )\4)%2 + )\41’3 =0.

Equating coefficients, we see that \y = A3 = Ay = A\; = 0, so these vectors
are also linearly independent. Hence they are a basis. (4 marks)

|Alternatively, check one of linear independence or spanning, and
then note that you have the correct number of vectors, so it must be a
basis. |

(iii) {S} Let f,g €V and a, 5 € R. Then
o(af + 8g) = (L+ z)(af + Bg)'(x)
= (1 +z)(af'(z) + B9 (2))
=a(l+x)f (z) + (1 + )¢ (z)
= ad(f) + Bo(g).

So ¢ is linear. (3 marks)

(iv)  {S} Find the matrix of ¢ with respect to the standard basis. By calculating
¢ on each of the standard basis vectors, we find the matrix

o O OO
S O ==
NN N O
w w oo

(3 marks)
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3 (continued)

(v)  {S} By calculating ¢ on each of the given basis vectors and writing the
answer in terms of them, we find the matrix

o O O O
S O =N
SN W N
W = NN

[Alternatively, calculate with the change of basis matrix

1 -1 0 0
0 1 -1 0 ]
0 0 1 -1
0O 0 0 1
(5 marks)
(vi)  {S} The kernel is the set of constant polynomials. (2 marks)

(vii) {U}
We see that im(¢) = {b+ (b+ 2¢)x + (2¢ + 3d)z® + 3dz* | b,c,d € R}.
Suppose that f € im(¢), so f(z) = b+ (b+ 2¢)x + (2¢ + 3d)z* + 3dz® for
some b,c,d € R. Then f(—1) = b— (b+ 2¢) + (2¢ + 3d) — 3d = 0. So
im(¢) € {f € V[ f(-1) =0}.
|Alternatively, every element of im(¢) is divisible by 1+ 2 and so has a root
at x = —1.]

On the other hand, if f(z) = a + Bz + y2* + d2° satisfies f(—1) = 0, then

f(x> = b+(b+2€)$+(2C+3d)x2+3dx3 where b — a, ¢ = ﬁgO& and
d = 7—’% So {f € V| f(~1) = 0} C im(e).
[Alternatively, argue via dimensions.|

(5 marks)
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4 (i) (a)  {S} Let uy = x,uy = 2%, uz = 2°. Then (u;, us) = (us, uz) = 0 and
1

1
(ul,u1>:/ v?dr = 2/3, <u1,u3>:/ ot dr = 2/5.

1 -1

So the Gram-Schmidt procedure gives

U1 = Uy,
Vo = U2,
(us, u1) 3
— _ — 0= - _
U3 us <u17u1> 1 xr 5ZE

(6 marks)

(b)  {S} The closest element to 1 is (1) where 7 : R[z] — U is orthog-
onal projection onto U.

We have
3
<1avi>
1) = ;
(1) Z (0n,0)
1=1
2/3 4 5 4
=0+ L5240 = 222,
+ 2/595 + 31’
. D,
So the closest element is 3% (6 marks)
: : 5 4 5 5
(¢)  {S} The distance is |1 — 37 | =4/(1— 5352, 1- §x2>
Since
Lo ! 10 , 25
/ (12022 = / (1= 20 g,
03 3 9
10, 5. 20 10 8
Y — b —o_ 2
{a: 996 +9£L'} 1 9 + 9 9’

2
the distance is \/g = 5\/5

|Follow-through from the candidate’s answer to (b) where appropri-
ate.] (5 marks)
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4 (continued)

i) (a) B} Forov,weV, [{v,w)| < || ||w]|, with equality if and only if v
and w are linearly dependent. (3 marks)

(b)  {S} Take f(t) = Vsint and g(t) = 1 in the Cauchy-Schwarz inequal-

ity.
Then (f,g) = / Vsint dt.
0
And
I lgll = vV {f5 f){g, 9) = \// Sintdt/ 1dt
0 0

= /[ cost]g [t]g

=V 2m,
so the Cauchy-Schwarz inequality gives the result. (5 marks)
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{B/S} The inner product is given by (X,Y) = trace(XY7).
The distance is

|A— B| =+/(A— B,A— B) = \/trace((A — B)(A — B)T)

- \/t (29 1) -vror=vi-s

1 2)\0 2

(5 marks)

(a)  {B} It is orthogonal (standard Fourier theory), but not orthonormal
since, for example, (1,1) = 27. (2 marks)

(b)  {S} We have cos2tcost = (cos3t + cost)/2 and cos4dtcost =
(cos 5t 4 cos 3t) /2.

Then
(cos 2t cost,cosdt cost) = (cos 3t,cos 3t) /4 = 7/4,
and
(cos 2t cost, cos 2t cost) = (cos 4t cost,cosdt cost) = m/2,

so that the cosine of the angle between the two functions is

4
™/ = 1/2, so the angle is /3. (8 marks)

/2.m/2

(a)  {S} We have
D(a + bcos 3t + c¢sin3t) = 0 4 3ccos 3t — 3bsin 3t,
0
0
-3

so the matrix is

(3 marks)

o O O
o w o

(b)  {S} We calculate
(D(a+ bcos 3t + csin3t), a + [ cos 3t + +ysin 3t)
= (—3bsin 3t + 3ccos 3t, o + (3 cos 3t + v sin 3t)
= (—=3by + 3cB)r.
We need D to be defined so that
(D(a+ bcos3t+ csin3t), a + [ cos 3t + ~ysin 3t)
— (a + bcos 3t 4 ¢sin 3t, D(a + 3 cos 3t + ysin 3t)),

and so we need ﬁ(a + [ cos3t + ysin3t) = —3cos 3t + 30 sin 3t,

which is —D(a + B cos 3t + sin 3t). Therefore D = —D.
(7 marks)

End of Question Paper
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