MAS277

SCHOOL OF MATHEMATICS AND STATISTICS Spring Semester
2009-2010
Vector spaces and Fourier theory (SOLUTIONS) 2 hours

Answer four questions. If you answer more than four questions, only your best four will
be counted.

{B} means bookwork, {S} means seen similar, {U} means unseen

MAS277 1 Turn Over



(ii)

(i)

MAS277

MAS277

(a) I M\or+ -+ A, =0, then Ay =--- =\, =0.

(b)  Every vector v € V can be expressed as A\jv; + - - - + A, v, for some
Ay Ap €ERL

(¢)  The vectors must both be linearly independent and span.

(6 marks)

(a)  The zero vector (0,0,0)" is not in U].

(b)  This is not closed under scalar multiplication; e.g., (0,0, 1) € Us, but
(_1>(07 07 1) = (07 07 _]-> ¢ U2-
(¢)  This is not closed under addition or scalar multiplication, e.g.,
(1,0,0) € Us, but 2(1,0,0) = (1,0,0) + (1,0,0) = (2,0,0) ¢ Us.
(6 marks)

{B} As U is a subspace we have 0 € U, and as W is a subspace we have
0€W,so0e€ UNW. Next, suppose we have v,v" € UNW. Then v,v' € U
and U is a subspace, so v + v’ € U. Similarly, we have v,v" € W and W is
a subspace so v +v' € W. This shows that v +v € UNW, so UNW is
closed under addition. Finally consider v € UNW and o € R. Thenv € U
and U is a subspace so av € U. Similarly v € W and W is a subspace so
av € W. This shows that av € UNW, so U N W is closed under scalar
multiplication, and U N W is a subspace. (5 marks)

(a) {B}U+W={veV|v=u+w for someue U, we W}

We have dim(U + W) = dim(U) + dim(W) — dim(U N W).
(3 marks)

(b)  {U} We know 5 = dimU < dim(U + W) < dimV = 7, so the
relation above becomes 2 < dim(U NW) < 4. (2 marks)

{S}Y If (z,9,2)" e UNW, then 2 = 0 and 2 = y = 2, so (z,y,2)" =
(0,0,0)T, as required. Also, if (a,b,c)T € R?, then

(a,b,¢)" = (a,a,a)" + (0,b —a,c—a)”,

so (a,b,c)’ € U+ W as required. (3 marks)
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2 (i) {S} Suppose af + Bg +vh = 0. Then for every value of z, we must have
af(x)+ Bg(x) +yh(x) = 0. Put z = 0; as f(0) = h(0) = 0 and ¢(0) = 1,
we get 8 = 0. Now when z = 7, we have f(7) = 0 and h(r) = 7°. So
v = 0. Finally, choose, e.g., x = 7/2 to get a = 0. (4 marks)

(ii)  {B} Since V is a basis, it spans, and so v certainly can be expressed as a
linear combination. Suppose there are two such representations:

U= MUt AgUn = 01+ g U

subtracting gives (A1 — p1)vy + -+ - + (A — fn) v, = 0, a linear relationship
between a linearly independent set; thus the coefficients vanish, and each
Ai = l;, and the two representations are the same. (4 marks)

(iii)  {B} Suppose that {v1,...,v.} is a linearly independent set in the vector
space V', and {wy, ..., ws} spans. Then r < s. (2 marks)

(iv)  {U}

(a)  True (by Steinitz).
(b)  False; e.g., V =R? v, = vy = (1,0)%;
(¢)  True (by Steinitz).
(d)
(a)

o

False; e.g., V = R? v} = vy = (1,0)%. (6 marks)
a {U} Linearly independent: if
)\11)1 + )\2(1]2 — Ul) + /\3(’03 — UQ) + )\4(1)4 — Ug) = 0,

then ()\1 — )\2)1)1 + ()\2 — )\3)'02 + ()\3 — )\4)2)3 + )\4’04 = 0, then )\1 =
-+ = )y = 0, since the coefficients all vanish.

Spans: given v € V', we can write

v = U1 + agvs + asvsz + ayvy = (a1 + ax + ag + aq)vy +
(CLQ + as + CL4>(’UQ — ’01) + (a3 + CL4)(U3 — UQ) + (I4(U4 — ’03).
(3 marks)

(b)  {S} As in the last part:

f = afo+bfit+cfot+dfs=(a+b+c+d)fy+
(b+c+d)(fi — fo) + (c+d)(fo — f1) +d(fs — fa).

andsoa=a+b+c+d, f=b+c+d,vy=c+d, d=d, and

(4 marks)

2 W

1
1
1
1

o O O =
O O ==
O = ==
QU O o

(vi)  {S} If a+bx + cx® +da* € V, then f’(x) = 2c + 6dz and so 2¢ + 6d = 0.
Also f(0) = a = 0 and we find the general element bz — 3dz* + dx®, with
basis {z,z* — 32%}. (2 marks)
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{B} ¢ is linear if: for any v and v" in V', we have ¢(v + v') = ¢(v) + ¢(v)
in W and also for any o € R and v € V' we have ¢(aw) = agp(v) in W.
(3 marks)

{B} The kernel is the set {v € V | ¢(v) = 0}. The image is the set
{we W | w=¢(v) for some v € V}.

Firstly, ¢(0y) = Ow, so Oy € im(¢). Now suppose we have w,w’ €
im(¢). This means that we can find v,v" € V with ¢(v) = w and ¢(v") = w'.
We thus have v + v',av € V and as ¢ is linear we have ¢(v + v') = ¢(v) +
d(v") = w+w" and ¢(aw) = ag(v) = aw. This shows that w + w" and aw
lie in im(¢). (6 marks)

{s}

We have D(e®) = ¢%; D(ze®) = e” + xe® (x2 *) = 2ze” + 1%e”, s0
D(ae® + bxe® + cx’e”) = ( +b)e” + (b+ ZC)xe +cr’e”, and if f €V, we
see that D(f) € V.

Differentiation is always linear as D(af + 8g) = aD(f) + D(g).

110
Thematrixis | 0 1 2 |; from this we see that the only eigenvalue
0 01

is 1. The formula above shows that D(f) = f precisely when a = a + b,
b = b+ 2c and ¢ = c; these give b = ¢ = 0, so the only eigenvector is
f(z) =¢€". (8 marks)

{S} Note that ¢(a + bz + cx® + da*) = (b,~b — ¢ — d, —b — 5c — 19d, b +
6¢ +27d)", and ¢(f) = 0 implies that f is a constant. So ker ¢ is spanned
by 1. We put f; = 1, and extend to a basis for Rlz]<3 by adding e.g.,
fi =z, fo = 2% and f3 = 2®. Then put v; = ¢(f1) = (1,—1, 1,17,
vy = &(fa) = (0,—1,-5,6), vs = ¢(f3) = (0,—1,—19,27)7, and extend
to a basis of R* by adding e.g., vy = (1,—1,—1,0)" [if v4 € im(¢), then
c+d =0, 5c 4+ 19d = 0 but 6¢c + 27d = —1; these are inconsistent, so
vy ¢ im(¢), and vy is independent of vy, vg, v3.| (8 marks)
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{B} An inner product on V is a rule that gives a number (u,v) € R for
each u,v € V, with the following properties:

(a) (u+v,w) = (u,w) + (v,w) for all u,v,w € V.

(b) (au,v) = afu,v) for all u,v € V and o € R.
(¢) (u,v) = (v,u) for all u,v € V.
(d) We have (u,u) > 0 for all w € V, and (u,u) = 0 if and only if u = 0.
(5 marks)
(a)  {B} We require (v;,v;) =0if i # j. (1 mark)

(b)  {B} Suppose we have a linear relationship A\jv; + -+ + A\, = 0.
Then

<>‘1U1 + -+ )\nvnavi> = )‘1<'U17 Ui> +oe At )‘n<v7hvi> = O’

and using the orthogonality relations, this reduces to A;{v;,v;) = 0.
Asv; # 0, (v, ;) # 0,80 \; = 0. (4 marks)

{u}

(2u + v, 2u — v) = 4(u,u) — 2(u, v) + 2(v,u) — (v,v) = 4||ul|* — |Jv||* = 0.
(3 marks)

(a) {S}Putfi=1,fo=m, fz3 =2 Put g, = f1, and try go = fo — \fi,
choosing A so that g, is orthogonal to g; (i.e., to f1). But (1, ¢g2) =

1
/ xr — Adx = —2), so this vanishes if A = 0. Thus ¢go = x. Now
-1

put g3 = f3 — A\fi — pufo = 2 — px — X and choose the constants so
that g3 is orthogonal to f; and to fs.

1
(g3, f1) =/ 2? — pr — Ndw = 2/3 — 2,

1

so A =1/3, and

1
(g3, f2) = / 2? — pa® — Nvde = —2p/3,

1
so = 0. Thus g3 = 2° — 1/3. (7 marks)

(b)  {S} The subspace of linear polynomials is spanned by {1,z}, and
this is a strictly orthogonal set. Then we simply compute m(f),
where f(z) =1 —z +2° as

(), ()

LD (za)

1 1
1—z+2°de =8/3, (f,z) :/ T — a2+

1 1

1 1
ldxr =2, (x,x):/ 2?dr = 2/3, so the
-1

and we have: (f, 1) =

‘\

2 dr = —2/3, (1,1) =

1

wl#kl\

nearest vector is —z + (5 marks)

(63}
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5 i) {B/S} Forv,w eV, |(v,w)| < ||v| ||w], with equality if and only if v and
w are linearly dependent.

Put g(z) = 3x — 1. Then

1 1
1912 = (g,9) = / (32 — 1)%dz — / 02% — G+ 1de — 1.
0 0

1 1

Also, ||f|I* = / f(z)?dz, and (f,g) = / (3x — 1) f(z) dz, and the result
0 0

follows from the Cauchy-Schwarz inequality. We have equality if f(z) =

a(3z—1), and in this case || f||* = a*(3x — 1,3z — 1) = a?, so we take a = 2,

and f(z) = 6z — 2. (9 marks)

(i) (a)

(b)
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{B} It is orthogonal (standard Fourier theory), but not orthonormal
since, for example, (1,1) = 27. (2 marks)

{S} We have sintcos5t = (sin6t — sin4t)/2 and sin3tcost =
(sin4t + sin2t)/2. Then

(sint cos 5t,sin 3t cost) = —(sindt,sin4t) /4 = —m /4,
and
(sint cos 5t, sint cos 5t) = (sin 3t cost, sin 3t cost) = 7/2,

so that the cosine of the angle between the two functions is

—7/4
™/ = —1/2, so the angle is 27/3. (8 marks)

/2.2

{S} We have (¢(v), A) = aa + b — e+ vd, so we want to define

®(A) = p+ gcost + rsint so that (p(A),v) agrees with the value
above. But

(p+qcost+rsint,a + fcost + ysint) = 2npa + g + wry,

soweneedp:%,q:%,r:%. Thus

A<a b ) _a+2(b—c)cost + 2dsint

¢ d 5 (6 marks)

End of Question Paper



