
Problems for MAS277 Vector Spaces and Fourier Theory

The problems are organized into three sections, one for each chapter of the course. All
the problems for tutorials and homeworks are here.

The questions can also be found on the course home page

http://sarah-whitehouse.staff.shef.ac.uk/MAS277/MAS277.html

and the list of tutorial and homework questions will be posted there too.

Solutions will also be posted on the home page, as well as being handed out in tutorials.

Chapter 1: Review of MAS201

1. Go back and read the MAS201 notes. Remind yourselves of the definitions and
main properties of vectors in Rn: subspaces, linear independence, spanning sets and
bases. We will treat all these topics again in MAS277, in a slightly more abstract
setting, and with more complete proofs.

2. In a vector space V , show carefully that, with the usual rules, it follows that:

(a) −0V = 0V ;

(b) α.0V = 0V if α ∈ R;

(c) y + (x− y) = x for any two vectors x, y ∈ V .

3. Let V denote the set of all pairs (x, y) of real numbers. If v = (x, y) and v′ = (x′, y′)
are elements of V , define

v + v′ = (x+ x′, y + y′)

α.v = (αx, 0) (note the funny definition here!)

0 = (0, 0)

−v = (−x,−y).

Is V a vector space with this funny definition of scalar multiplication? (You will
need to check the “usual rules”; if all of them are verified, then V will be a vector
space – but if any of them fail, then of course V will not be a vector space.)

4. Explain why none of the following is a vector space (with the obvious definition of
addition and scalar multiplication).

(a) V1 =

{(
a b
c d

)
∈M2(R)

∣∣∣∣ a ≤ b ≤ c ≤ d

}
;

(b) V2 =

{(
x
y

)
∈ R2

∣∣∣∣ x+ y is an integer

}
;

(c) V3 =

{(
x
y

)
∈ R2

∣∣∣∣ x2 = y2

}
;

(d) V4 = {p ∈ R[x] | p(0)p(1) = 0}.

5. Consider the set of all sequences (a0, a1, a2, . . .) such that an+2 = αan+1 + βan for
some fixed real numbers α and β. Show that the set of such sequences forms a
vector space.
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6. Consider the following subsets of R3:

U1 = {(x, y, z)T |x = 0};
U2 = {(x, y, z)T | either x = 0 or y = 0};
U3 = {(x, y, z)T |x+ y = 0};
U4 = {(x, y, z)T |x+ y = 1}.

Which of them are subspaces?

7. Consider the following subsets of the vector space R[x] of all polynomials:

U1 = {p | deg(p) = 3};
U2 = {p | p(0) = p(1)};
U3 = {p | p(x) ≥ 0 for 0 ≤ x ≤ 1}.

Which of them are subspaces?

8. Consider the following subspaces of R4:

U = {(w, x, y, z)T |w − x+ y − z = 0}
V = {(w, x, y, z)T |w + x+ y = 0 = x+ y + z}
W = {(u, u+ v, u+ 2v, u+ 3v)T |u, v ∈ R}.

Find U ∩ V , U ∩W and V ∩W .

9. Consider the planes P , Q and R in R3 given by

P = {(x, y, z)T |x+ 2y + 3z = 0},
Q = {(x, y, z)T | 3x+ 2y + z = 0},
R = {(x, y, z)T |x+ y + z = 0}.

Find P ∩Q∩R. This system of planes has an unusual feature, not shared by most
other systems of three planes through the origin. What is it?

10. Which of the following subsets of R4 is a subspace?

U1 = {(w, x, y, z)T |w + x = 0};
U2 = {(w, x, y, z)T |w + x = 1};
U3 = {(w, x, y, z)T |w + 2x+ 3y + 4z = 0};
U4 = {(w, x, y, z)T |w + x2 + y3 + z4 = 0};
U5 = {(w, x, y, z)T |w2 + x2 = 0}.

11. Which of the following subsets of F (R) are subspaces?

U1 = {f | f(0) = 0},
U2 = {f | f(1) = 1},
U3 = {f | f(0) ≥ 0},
U4 = {f | f(0) = f(1)},
U5 = {f | f(0)f(1) = f(2)f(3)}.
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12. For each of the following vector spaces V , give an example of a subspace W ≤ V
such that W 6= 0 and W 6= V .

(a) V = R[x]≤3;

(b) V = M2,3(R);

(c) V = {(x, y, z)T ∈ R3 |x+ y + z = 0}.

13. For each of the following vector spaces V , give an example of subspaces U,W ≤ V
such that U 6= 0 and W 6= 0 but U ∩W = 0.

(a) V = R4;

(b) V = M2(R);

(c) V = {(x, y, z)T ∈ R3 |x+ y + z = 0}.

14. Inside R2, consider the subspaces U = {(x, 0)T |x ∈ R}, V = {(0, y)T | y ∈ R} and
W = {(z, z)T | z ∈ R}. Show that

U ∩ (V +W ) 6= (U ∩ V ) + (U ∩W ).

15. Put V = R[x]≤2 and U = {f ∈ V | f(0) = 0} and W = {f ∈ V | f(1) + f(−1) = 0}.
Show that U ∩ W is the set of all polynomials of the form f(x) = bx, and that
U + W = V . Please write your argument carefully, using complete sentences and
correct notation.

16. Put

L =

{(
s
2s

) ∣∣∣∣ s ∈ R
}
, M =

{(
2t
t

) ∣∣∣∣ t ∈ R
}
.

Show that L ∩M = 0 and L+M = R2 (or in other words, R2 = L⊕M).

17. Put V = M3(R) and U = {A ∈ V |AT = A} and W = {A ∈ V |AT = −A}. Show
that U ∩W = 0 and U +W = V (or in other words, V = U ⊕W ).

18. For each of the following lists of vectors, say (with justification) whether they are
linearly independent, whether they span R3, and whether they form a basis of R3.
(If you understand the concepts involved, you should be able to do this by eye,
without any calculation.)

(a) u1 =

1
0
2

, u2 =

3
0
4

, u3 =

5
0
6

, u4 =

7
0
8

.

(b) v1 =

1
1
0

, v2 =

1
0
1

, v3 =

0
1
1

, v4 =

1
1
1

.

(c) w1 =

1
2
3

, w2 =

4
5
6

.

(d) x1 =

1
1
1

, x2 =

0
2
2

, x3 =

0
0
4

.
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19. Which of the following lists of vectors are linearly independent?

(a) u1 = (1, 0, 0, 0, 1)T ,u2 = (0, 2, 0, 2, 0)T ,u3 = (0, 0, 3, 0, 0)T

(b) v1 = (1, 1, 1, 1)T ,v2 = (2, 0, 0, 2)T ,v3 = (0, 4, 4, 0)T

(c) w1 = (1, 1, 2)T ,w2 = (4, 5, 7)T ,w3 = (1, 1, 1)T

20. Consider R as a rational vector space. Prove that α and β are linearly independent
if and only if α/β is irrational.

21. Find two bases of R4 such that the only vectors common to both are (1, 1, 0, 0)T

and (0, 0, 1, 1)T .

22. Which of the following lists of matrices spans M2(R)?

(a) A =

(
0 1
2 3

)
,

(
0 2
1 3

)
,

(
0 1
3 2

)
,

(
0 3
2 1

)
(b) B =

(
1 1
1 0

)
,

(
0 1
1 1

)
,

(
1 0
0 1

)
,

(
1 0
0 −1

)
(c) C =

(
1 0
0 0

)
,

(
1 1
0 0

)
,

(
1 1
1 0

)
,

(
1 1
1 1

)
(d) D =

(
463 859
265 −463

)
,

(
937 724
195 −937

)
,

(
431 736
428 −431

)
,

(
777 152
522 −777

)
23. Put sk(x) = (x+ k)2. Prove that the list S = s0, s1, s2 spans R[x]≤2.

24. Suppose we have real numbers a, b, c ∈ R and functions f, g, h ∈ C(R) such that

f(a) = 1, g(a) = 0, h(a) = 0;

f(b) = 0, g(b) = 1, h(b) = 0;

f(c) = 0, g(c) = 0, h(c) = 1.

Prove that f , g and h are linearly independent.

25. Consider the vector space F (R) of functions R −→ R.

(a) If α is some fixed real number, show that the three functions sinx, cos x and
sin(x+ α) are linearly dependent.

(b) If k > 1 is some fixed integer, show that the three functions sinx, cos x and
sin kx are linearly independent.

26. Define subspaces V,W of R[x]≤3 by

V = {f ∈ R[x]≤3 | f(x) + f(−x) = 0},
W = {f ∈ R[x]≤3 | f ′′(1) = 2f ′(1) = 6f(1)}.

Find bases for V , W and V ∩W . Prove that

V +W = {f ∈ R[x]≤3 | f ′′(0) = 6f(0)}.
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27. Let V be a finite-dimensional vector space, and let U and W be subspaces of V . In
lectures we proved that there exist elements

u1, . . . , up, v1, . . . , vq, w1, . . . , wr

such that

• u1, . . . , up is a basis for U ∩W
• u1, . . . , up, v1, . . . , vq is a basis for U

• u1, . . . , up, w1, . . . , wr is a basis for W

• u1, . . . , up, v1, . . . , vq, w1, . . . , wr is a basis for U +W .

Find elements as above for the case V = M2(R) and U = {A ∈ V |AT = A} and
W = {A ∈ V | trace(A) = 0}.

28. Let Z be a finite-dimensional vector space, and let U , V and W be subspaces of Z.
Suppose that

dim(U) = 2, dim(U ∩ V ) = 1,

dim(V ) = 3, dim(V ∩W ) = 2,

dim(W ) = 4, dim((U + V ) ∩W ) = 3.

Find the dimensions of U+V , V +W and U+V +W . Hence show that U+V +W =
V +W and thus that U is a subspace of V +W .

29. What is the dimension of C, viewed as a vector space over R? And what would
your answer be if we viewed it as a vector space over C?

30. (a) Call a 3 × 3 matrix a semi-magic square if all its rows and columns (but not
necessarily its diagonals) have the same sum. Let V be the set of semi-magic
squares. Without writing out the laborious details, persuade yourself that V
is a subspace of M3(R); find a basis, and hence give its dimension.

(b) You should find that the dimension of the space of semi-magic squares is greater
than that of the space of magic squares. Find a semi-magic square which is
not magic.

(c) Let’s say that a semi-magic square is nearly magic if both diagonals have the
same sum (which may or may not be the same as the row and column sum).
Again persuade yourself that the set U of nearly magic squares is a subspace
of V . What is its dimension? Are there nearly magic squares which are not
magic? If so, find one.

31. Consider the vector space R2. Write

v1 =

(
3
2

)
, v2 =

(
2
1

)
.

Then V = {v1,v2} is a basis for R2. Suppose that the vector

(
a
b

)
can be written

as α1v1 + α2v2 (i.e., as

[
α1

α2

]
V
). Give a matrix A ∈M2(R) such that(

α1

α2

)
= A

(
a
b

)
.

Verify this explicitly.
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32. Consider the vector space R2. Write

v1 =

(
1
0

)
, v2 =

(
1
1

)
, v3 =

(
0
1

)
, v4 =

(
1
−1

)
.

Then V = {v1,v2} and V ′ = {v3,v4} are both bases of R2. Suppose that the vector(
a
b

)
can be written as α1v1 + α2v2 and α′1v3 + α′2v4 (i.e., as

[
α1

α2

]
V

and

[
α′1
α′2

]
V ′

).

Give a matrix A ∈M2(R) such that(
α1

α2

)
= A

(
α′1
α′2

)
.

Verify this explicitly.

33. Consider the vector space R2. Write

v1 =

(
1
0

)
, v2 =

(
1
1

)
, v3 =

(
0
1

)
.

Then V = {v1,v2} and V ′ = {v2,v3} are both bases of R2. Suppose that the vector(
a
b

)
can be written as α1v1 + α2v2 and α′1v2 + α′2v3 (i.e., as

[
α1

α2

]
V

and

[
α′1
α′2

]
V ′

).

Give a matrix A ∈M2(R) such that(
α1

α2

)
= A

(
α′1
α′2

)
.

Verify this explicitly.

Chapter 2: Linear maps

1. Consider the following maps R2 −→ R. Which are linear maps?

(a) φ1((x, y)
T ) = x;

(b) φ2((x, y)
T ) = y + 1;

(c) φ3((x, y)
T ) = x2;

(d) φ4((x, y)
T ) = x+ 2y;

(e) φ5((x, y)
T ) =

√
x2 + y2.

2. Consider the following maps R3 −→ R. Which are linear maps?

(a) φ1((x, y, z)
T ) = x+ y;

(b) φ2((x, y, z)
T ) = x− z2;

(c) φ3((x, y, z)
T ) = z − 1;

(d) φ4((x, y, z)
T ) = xyz;

(e) φ5((x, y, z)
T ) = x− 2y + 3z.

3. Consider the following maps R[x] −→ R. Which are linear maps?
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(a) φ1(f) =
∫ 2

−1
f(x) dx;

(b) φ2(f) =
∫ 2

0
f 2(x) dx;

(c) φ3(f) =
∫ 1

0
xf(x) dx;

(d) φ4(f) =
∫ 1

0
f(x2) dx;

(e) φ5(f) = f(0) + f ′(1) + f ′′(2);

(f) φ6(f) = f(0)f(1).

4. Is the map π : R2 −→ R2 given by φ((x, y)T ) = (x+ y, x− y)T linear?

5. Show that the map R[x] −→ R[x] given by φ(f)(x) = f(x+ 1) is linear.

6. In each of the cases below, give an example of a non-zero linear map φ : V −→ W .
(Here, “non-zero” means that there is at least one v ∈ V such that φ(v) 6= 0.)

(a) V = R4, W = R2;

(b) V = M3(R), W = R2;

(c) V = M3(R), W = R[x];

(d) V = R[x], W = M2(R).

7. Let V be a vector space, and let φ : R[x]<2 −→ V be a linear map. Show that there
exist elements u, v ∈ V such that

φ(ax+ b) = au+ bv

for all a, b ∈ R.

8. Let V and W be vector spaces, and let φ : V −→ W be a linear map. Let V =
v1, . . . , vn be a list of elements of V .

(a) Show that if v1, . . . , vn are linearly dependent, then so are φ(v1), . . . , φ(vn).

(b) Give an example where v1, . . . , vn are linearly independent, but φ(v1), . . . , φ(vn)
are linearly dependent.

(c) Show that if φ(v1), . . . , φ(vn) are linearly independent, then v1, . . . , vn are lin-
early independent.

9. Given vectors (p, q)T , (r, s)T ∈ R2, we can define a linear map φ : M2(R) −→ R by

φ(A) =
(
p q

)
A

(
r
s

)
.

Show that p, q, r and s cannot be chosen so that φ(A) = trace(A) for all A ∈M2(R).

10. Define φ : R[x]≤2 −→ R[x]≤2 by φ(f) = f + f ′ + f ′′. Find the matrix of φ with
respect to the basis {1, x, x2}. What is the trace and determinant of this matrix?

11. Define φ : R3 −→ R3 by

φ

xy
z

 =

y + z
z + x
x+ y

 .
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Find the matrix of φ with respect to the standard basis of R3. Then find the matrix
with respect to the basis

u1 =

1
1
1

 , u2 =

 1
−1
0

 , u3 =

 0
1
−1

 .

12. Define a linear map φ : R[x]≤2 −→ R3 by φ(f) = (f(0), f ′(1), f ′′(2))T . What is the
matrix of φ with respect to the usual bases of R[x]≤2 and R3?

13. Let a =

a1

a2

a3

. As in lectures, let κ : R3 −→ R be defined by κ(v) = a.v, and

λ : R3 −→ R3 by λ(v) = a × v. Find matrices K and L such that κ = φK and
λ = φL.

14. Show that the space V≤k of all polynomials of degree at most k and with constant
term equal to 0 is a subspace of R[x]. Define the map i(xk) = 1

k+1
xk+1 (essentially

this is integration – but we choose to omit any constant of integration), and regard
it as a map i : R[x]≤4 −→ V≤5, with bases {1, x, x2, x3, x4} and {x, x2, x3, x4, x5}
respectively. What is the matrix of i?

15. For any continuous function f : R −→ R, we define D(f) = f ′. This restricts to
a map D : R[x]≤3 −→ R[x]≤2. If we consider these as vector spaces with bases
{1, x, x2, x3} and {1, x, x2} respectively, give the matrix for D. Guess at the answer
if we had instead restricted to D : R[x]≤4 −→ R[x]≤3, with the obvious bases.

16. For any continuous function f : R −→ R, we wrote

I(f) =

1∫
0

f(x) dx ∈ R.

This defines a map I : C(R) −→ R. If we consider this just as a map on R[x]≤4,
with basis {1, x, x2, x3, x4}, give the matrix for I.

17. Define maps α, β : M2(R) −→M2(R) by

α(X) = X −XT , β(X) =

(
1 1
1 1

)
X.

Put E = E1, E2, E3, E4, where

E1 =

(
1 0
0 0

)
, E2 =

(
0 1
0 0

)
, E3 =

(
0 0
1 0

)
, E4 =

(
0 0
0 1

)
.

Let A be the matrix of α with respect to the basis E , let B be the matrix of β with
respect to E , and let C be the matrix of αβ with respect to E .

(a) Find α(Ei) for each i, and hence find A.

(b) Find β(Ei) for each i, and hence find B.

(c) Find α(β(Ei)) for each i, and hence find C.
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(d) Check that C = AB.

18. If the matrix of a linear map φ : R2 −→ R2 with respect to the standard ba-

sis {(1, 0)T , (0, 1)T} is

(
1 1
1 1

)
, what is the matrix of φ with respect to the basis

{(1, 1)T , (1,−1)T}?

19. If the matrix of a linear map φ : R3 −→ R3 with respect to the standard basis

{(1, 0, 0)T , (0, 1, 0)T , (0, 0, 1)T} is

 0 1 1
1 0 −1
−1 −1 0

, what is the matrix of φ with

respect to the basis {(0, 1,−1)T , (1,−1, 1)T , (−1, 1, 0)T}?

20. Fix a real number λ, and let V be the set of functions of the form

f(x) = (ax2 + bx+ c)eλx.

In other words, we have V = R[x]≤2e
λx.

(a) Write down a basis for V .

(b) Show that if f ∈ V then f ′ ∈ V , so we can define a linear map D : V −→ V
by D(f) = f ′.

(c) What is the matrix of D with respect to your chosen basis?

(d) Show that (D − λ)3(f) = 0 for all f ∈ V .

21. For each of the following linear maps, decide whether the map is injective, whether
it is surjective, and whether it is an isomorphism. Please write your arguments
carefully, using complete sentences and correct notation. Where counterexamples
are required, make them as simple and specific as possible.

(a) φ : R2 −→ R3 given by φ

(
x
y

)
=

xy
x

;

(b) φ : R3 −→ R2 given by φ

xy
z

 =

(
x− y
y − z

)
;

(c) φ : R[x]≤2 −→ R3 given by φ(f) = (f(0), f ′(0), f ′′(0))T ;

(d) φ : R2 −→M2(R) given by φ

(
x
y

)
=

(
0 x+ y

x+ y 0

)
;

(e) φ : R[x] −→ R given by φ(f) =
∫ 1

−1
f(x) dx

22. Let V be the set of all sequences (a0, a1, a2, . . .) of real numbers for which an+2 =
3an+1 − 2an for all n.

(a) Define π : V −→ R2 by

π(a0, a1, a2, . . .) =

(
a0

a1

)
.

Show that ker(π) = 0, so that π is injective.
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(b) Define sequences u = (un) and v = (vn) by un = 1, vn = 2n, for all n. Show
that u and v are in V .

(c) Find constants α, β, γ, δ such that the sequences b = αu+ βv and c = γu+ δv

satisfy π(b) =

(
1
0

)
and π(c) =

(
0
1

)
.

(d) Show that b and c give a basis for V , and deduce that u and v give a basis for
V .

(e) Define φ : V −→ V by

φ(a0, a1, a2, . . .) = (a1, a2, a3, . . .).

What is the matrix of φ with respect to the basis {u, v}?

23. Define φ : R2 −→ M2(R) by φ(

(
u
v

)
) =

(
u −u
−v v

)
. Show that φ is injective, and

that

im(φ) =

{
A ∈M2(R)

∣∣∣∣ A(
1
1

)
=

(
0
0

)}
.

24. Define φ : M2(R) −→ M2(R) by φ(A) = A − 1
2
trace(A)I. Show that ker(φ) =

{aI | a ∈ R} and that im(φ) = {A ∈M2(R) | trace(A) = 0}.

25. Define φ : R[x]≤2 −→ R3 by

φ(f) =

 0∫
−1

f(x) dx,

1∫
−1

f(x) dx,

1∫
0

f(x) dx

T

.

(a) If f(x) = ax2 + bx+ c, find φ(f).

(b) Show that ker(φ) = {c(1− 3x2) | c ∈ R}.
(c) Find a function g+(x) = px+ q such that φ(g+) = (1, 1, 0)T .

(d) Put g−(x) = g+(−x), and show that φ(g−) = (0, 1, 1)T .

(e) Deduce that im(φ) = {(u, v, w)T ∈ R3 | v = u+ w}.

26. (a) Define a map φ : R[x]≤3 −→ R2 by φ(f) = (f(0), f(1))T . Show that this is
surjective, and that the kernel is spanned by x2 − x and x3 − x2.

(b) Define a map ψ : R[x]≤2 −→ R4 by ψ(f) = (f(0), f(1), f(2), f(3))T . Show that
this is injective, and that the image is the space

V = {(u0, u1, u2, u3)
T ∈ R4 |u0 − 3u1 + 3u2 − u3 = 0}.

Find bases of R[x]≤2 and R4 with respect to which ψ has matrix


1 0 0
0 1 0
0 0 1
0 0 0

.

27. Put J =

(
0 1
−1 0

)
∈ M2(R). Define φ : R[x]≤2 −→ M2(R) by φ(f) = f(J), or in

other words
φ(ax2 + bx+ c) = aJ2 + bJ + cI.

Find bases for ker(φ) and im(φ).
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28. Choose real numbers a, b, c, d, and define the linear map φ : R2 −→ R2 by φ(x, y) =
(ax+ by, cx+ dy). Show that φ is an isomorphism if and only if ad− bc 6= 0.

29. Define a linear map φ : M3(R) −→ R[x]≤4 by

φ(A) = (1 x x2)A

 1
x
x2

 .

Show that φ is surjective, and find a basis for the kernel.

30. If φ : V −→ W is an isomorphism, show that the inverse map φ−1 : W −→ V is
also linear.

31. Find the kernel and image of the differentiation map R[x]≤n −→ R[x]≤n.

32. Give an example of a linear map R[x]≤3 −→ R[x]≤3 with a 2-dimensional kernel.

33. What is the rank and nullity of the linear map R3 −→ R3 given by the following
matrices?

(a)

1 1 1
1 1 1
1 1 1

 ; (b)

0 0 1
0 1 0
1 0 0

 ; (c)

0 0 0
0 0 0
0 0 0

 ;

(d)

1 1 1
1 1 0
1 0 0

 ; (e)

0 1 0
1 0 1
0 1 0

 .

34. Let φ : V −→ V be a linear map from a finite dimensional vector space V to itself.
Show that the following are equivalent:

(a) φ is injective;

(b) φ is surjective;

(c) φ is an isomorphism;

(d) detA 6= 0 if φ is represented by a matrix A with respect to some basis.

35. Let V and W be two vector spaces. Show that the collection L(V,W ) of linear
maps from V to W itself has the structure of a vector space. If dim(V ) = m and
dim(W ) = n, what is dimL(V,W )?

Chapter 3: Inner product spaces and Fourier theory

1. Is the function 〈f, g〉 = f(0)g(0) an inner product on R[x]≤2?

2. If x and y are two vectors in an inner product space, show that

‖x+ y‖2 + ‖x− y‖2 = 2‖x‖2 + 2‖y‖2.

3. Consider the Fourier space C[−π, π] of continuous functions [−π, π] −→ R with the
inner product

〈f, g〉 =

π∫
−π

f(t)g(t) dt.

If k is an integer, what is 〈t, sin kt〉?
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4. Use the usual inner product 〈A,B〉 = trace(ABT ) on M3(R).

(a) Calculate all the inner products 〈Ci, Cj〉, where

C1 =

1 1 1
0 1 1
0 0 1

 , C2 =

1 2 3
2 1 2
3 2 1

 , C3 =

 0 1 2
−1 0 3
−2 −3 0

 .

(b) Show that if AT = A and BT = −B then A and B are orthogonal.

5. Use the inner product 〈f, g〉 =
∫ 1

−1
f(x)g(x) dx on R[x]≤2.

(a) Find 〈x+ 1, x2 + x〉
(b) Show that if 0 ≤ i, j ≤ 2 and i+ j is odd then 〈xi, xj〉 = 0.

(c) Consider a polynomial u(x) = px2 + q, and another polynomial f(x) = ax2 +
bx + c. Give a formula for 4f(−1) − 8f(0) + 4f(1) and another formula for
〈f, u〉. Hence find p and q such that 〈f, u〉 = 4f(−1) − 8f(0) + 4f(1) for all
quadratic polynomials f .

6. In an inner product space, show that two vectors x and y are orthogonal if and only
if

‖x+ y‖2 = ‖x‖2 + ‖y‖2.

(Note the similarity to Pythagoras’s Theorem!)

7. Put
V = {f ∈ C∞(R) | f + f ′′ = 0}.

For f, g ∈ V put
〈f, g〉(t) = f(t)g(t) + f ′(t)g′(t),

so 〈f, g〉 ∈ C∞(R).

(a) Prove that 〈f, g〉 is actually a constant. (Hint: Differentiate 〈f, g〉.)
(b) Prove that if f ∈ V then f ′ ∈ V , so that differentiation gives a linear map

D : V −→ V .

(c) The functions sin and cos give a basis for V . Using this, show that 〈 , 〉 is an
inner product on V .

(d) What is the matrix of D with respect to the basis {sin, cos}?

8. Consider the Fourier space C[−π, π] of continuous functions [−π, π] −→ R with the
inner product

〈f, g〉 =

π∫
−π

f(t)g(t) dt.

(a) Compute the cosine of the angle between cos 3t and cos t cos 4t.

(b) Show that cos 2t sin t and cos 5t sin t are orthogonal.
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9. Consider the Fourier space C[−π, π] of continuous functions [−π, π] −→ R with the
inner product

〈f, g〉 =

π∫
−π

f(t)g(t) dt.

(a) Compute the cosine of the angle between cos t cos 2t and cos t cos 4t.

(b) Show that cos 2t sin 2t and cos 5t sin 2t are orthogonal.

10. Show that for any f ∈ C[0, 1] we have∣∣∣∣∣∣
1∫

0

(1 + x) f(x) dx

∣∣∣∣∣∣ ≤
√

7

3

 1∫
0

f(x)2 dx

1/2

Find a non-zero function f ∈ C[0, 1] for which the above inequality is actually an
equality.

11. Consider the Fourier space C[−π, π] of continuous functions [−π, π] −→ R with the
inner product

〈f, g〉 =

π∫
−π

f(t)g(t) dt.

Show that for any f ∈ C[−π, π], we have∣∣∣∣∣∣
π∫

−π

sinx f(x) dx

∣∣∣∣∣∣ ≤ √
π

 π∫
−π

f(x)2 dx

1/2

Find a non-zero function f ∈ C[−π, π] for which the above inequality is actually an
equality.

12. Show that for any f ∈ C[−1, 1] we have∣∣∣∣∣∣
1∫

−1

√
1− x2 f(x) dx

∣∣∣∣∣∣ ≤ 2√
3

 1∫
−1

f(x)2 dx

1/2

Find a non-zero function f ∈ C[−1, 1] for which the above inequality is actually an
equality.

13. Show that for any f ∈ C[0, 1] we have 1∫
0

f(x)3 dx

2

≤

 1∫
0

f(x)2 dx

  1∫
0

f(x)4 dx

 .

For which functions f is this actually an equality?

14. Define an inner product on R[x]≤2 by 〈f, g〉 =
∫ 1

0
f(x)g(x) dx. Find a polynomial

f(x) = ax2 + bx+ c orthogonal to both of 1 and x.
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15. Find an orthogonal basis for the subspace of the inner product space C[0, 1] (with
its usual inner product) consisting of all polynomials of degree at most 2, using the
Gram-Schmidt process on the basis 1, x, x2.

16. Consider the Fourier space C[−π, π] of continuous functions [−π, π] −→ R with the
inner product

〈f, g〉 =

π∫
−π

f(t)g(t) dt.

Consider the sequence f1(t) = sin t, f2(t) = cos t sin t, f3(t) = cos 2t sin t. Using the
Gram-Schmidt method, find an orthogonal sequence g1, g2, g3 such that g1 ∈ Sp(f1),
g2 ∈ Sp(f1, f2), g3 ∈ Sp(f1, f2, f3).

17. Put V = {B ∈ M2(R) |BT = B}, and let π : M2(R) −→ V be the orthogonal
projection. Find an orthogonal basis for V , and use it to calculate π(A) for an

arbitrary matrix A =

(
a b
c d

)
. Use this to show that π(A) = (A+ AT )/2.

18. Consider the space V = M4(R) with the usual inner product 〈A,B〉 = trace(ABT ).
Consider the following sequence in V :

A1 =


0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

 , A2 =


0 0 0 0
0 1 1 0
0 1 1 0
0 0 0 0

 ,

A3 =


0 1 1 0
1 1 1 1
1 1 1 1
0 1 1 0

 , A4 =


1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1

 .

Find an orthonormal sequence C1, . . . , C4 in V such that Sp{A1, . . . , Ai} = Sp{C1, . . . , Ci}
for all i. (You can use the Gram-Schmidt procedure for this but it is easier to find
an answer by inspection.)

19. Consider the following vectors in R5:

u1 =


1
1
1
1
1

 , u2 =


1
1
1
1
0

 , u3 =


1
1
1
0
0

 , u4 =


1
1
0
0
0

 , u5 =


1
0
0
0
0

 .

Find an orthonormal sequence v̂1, . . . , v̂5 such that Sp{v̂1, . . . , v̂i} = Sp{u1, . . . , ui}
for all i.

20. Consider the Fourier space C[−π, π] of continuous functions [−π, π] −→ R with the
inner product

〈f, g〉 =

π∫
−π

f(t)g(t) dt.

Consider the subspace V of C[−π, π] spanned by {1, cos t, sin t}, and define the
linear map φ : V −→ V by φ(1) = 0, φ(cos t) = sin t, φ(sin t) = cos t. Compute
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〈φ(a+ b cos t+ c sin t), α+ β cos t+ γ sin t〉. If φ̂ denotes the adjoint of φ, show that
φ̂ = φ.

21. Consider the map φ : R3 −→ M2(R) given by φ

xy
z

 =

(
x y
y z

)
. Given a matrix

A =

(
a b
c d

)
, find a vector w = (p, q, r)T such that 〈φ(v), A〉 = 〈v,w〉 for all vectors

v ∈ R3. (The adjoint map φ̂ : M2(R) −→ R3 is then given by φ̂(A) = w.)

22. Consider the map φ : M3(R) −→M3(R) given by

φ

a1 a2 a3

a4 a5 a6

a7 a8 a9

 =

0 a4 a7

0 0 a8

0 0 0

 .

Give a formula for the adjoint map φ̂ : M3(R) −→M3(R).

23. Consider the map φ : M2(R) −→M2(R) given by φ(A) = QAQ, where Q =

(
1 1
1 1

)
.

Show that φ̂ = φ.

24. In this exercise we give the space R[x]≤2 the inner product 〈f, g〉 =
∫ 1/2

−1/2
f(x)g(x) dx.

Define χ : R[x]≤2 −→ R by χ(f) = f ′′(0). If f(x) = ax2+bx+c, what is χ(f)? Find
an element u ∈ R[x]≤2 such that χ(f) = 〈f, u〉 for all f , and thus give a formula for
χ̂.

25. Let U and V be vector spaces with inner products, and let φ : U −→ V be a linear
map with the property that φ̂(φ(u)) = u for all u ∈ U . Let U = u1, . . . , un be an
orthonormal sequence in U . Show that φ(u1), . . . , φ(un) is an orthonormal sequence
in V .

26. Define a map α : R[x]≤2 −→ R[x]≤2 by α(f) = (3x2−1)f ′′. You may assume that if

we use the inner product 〈f, g〉 =
∫ 1

−1
f(x)g(x) dx on R[x]≤2, then α is self-adjoint.

(a) Show that α(α(f)) = 6α(f) for all f .

(b) Deduce that if f is a non-zero eigenvector of α with eigenvalue λ, then α(α(f)) =
λ2f and λ2 = 6λ.

(c) Find an orthogonal basis for R[x]≤2 consisting of eigenvectors for α.

27. Let T be the matrix

(
0 1
1 0

)
, and define γ : M2(R) −→M2(R) by γ(A) = TA−AT .

(a) Give a basis for M2(R), and find the matrix of γ with respect to that basis.

(b) Find bases for the kernel and the image of γ. Show that the image is the
orthogonal complement of the kernel with respect to the usual inner product
〈X, Y 〉 = trace(XY T ) on M2(R).

(c) Show that γ4 = 4γ2.

(d) Find a basis of M2(R) consisting of eigenvectors for γ. (Note here that an
eigenvector for γ is a matrix A such that γ(A) = TA−AT = λA for some λ.)
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